A classical portfolio theory deals with finding the optimal proportion in which an agent invests a wealth in a risk-free asset and a probabilistic risky asset. Formulating and solving the problem depend on how the risk is represented and how, combined with the utility function defines a notion of expected utility. In this paper the risk is a fuzzy variable and the notion of expected utility is defined in the setting of Liu's credibility theory. Thus, the portfolio choice problem is formulated as an optimization problem in which the objective function is a credibilistic expected utility. Different approximation calculation formulas for the optimal allocation of the credibilistic risky asset are proved. These formulas contain two types of parameters: Various credibilistic moments associated with fuzzy variables (expected value, variance, skewness and kurtosis) and the risk aversion, prudence and temperance indicators of the utility function.
Introduction
In classical portfolio theory [1, 2] it is studied the question of finding the optimum proportion in which an agent invests his wealth in a risk-free asset and a risky asset. The mathematical model is an optimization problem, formulated in the classical expected utility theory. For the solution of the optimization problem different approximate calculation formulas have been proposed. These formulas use Taylor-type approximations and depend on the investor's risk preferences, as well as on moments of random variables which describe the return of the risky asset.
In [1] , Chapter 4 and [2] , Chapter 5 there are obtained solutions which depend on the expected value, variance and the Arrow-Pratt index [3, 4] of the investor's utility function. Papers [5, 6] propose solutions in which the Arrow-Pratt index r u , the prudence index P u [7, 8] and the first three moments appear. A form of the solution depending on the first four moments and the indices of risk aversion, prudence and temperance has been proved in [9] . Finally, in [10] we find another form of the solution depending on the first four moments.
All portfolio models remembered above are probabilistic: The return of the risky asset is represented by a random variable, and total utility functions are defined as probabilistic expected utilities [1, 2] . Zadeh's possibility theory [11] offers another way to model portfolio problems: The risky asset is a possibility distribution (more often a fuzzy number), and the formulation and the study of maximization problems are done in the framework of a possibilistic EU -theory (see [12] [13] [14] ).
In particular, paper [15] deals with a few portfolio choice models defined in the possibilistic framework: The return of the risky asset is a fuzzy number [13] . For these models approximate calculation formulas are found depending on the indicators r u and P u as well as on the possibilistic indicators associated with a fuzzy number [12] [13] [14] .
Liu's credibility theory developed in [16] , [17] proved to be an appropriate framework to study the portfolio problem (see monograph [18] ). Using the notion of credibility measure instead of probability or possibility one can develop a credibilistic EU -theory, in whose center lies the concept of credibilistic expected utility.
This paper deals with a portfolio problem formulated in a credibilistic context: The return of the risky asset is a fuzzy variable, and the total utility is expressed by the notion of credibilistic expected utility [14, 19] .
Different approximate calculation formulas for the optimal allocation of the credibilistic risky asset depending on the credibilistic moments and risk aversion, prudence and temperance are proved.
The credibilistic moments are obtained from the credibilistic expected utility formula for some particular form of the utility function. The indicators of risk aversion, prudence and temperance reflect some attitudes of the agent faced with risk [1, 2, 7, 8] .
We will present shortly the content of the paper. In Section 2 there are recalled from [17] , [16] , [14] a few basic notions from credibility theory: credibility measure, credibility space, membership function, credibility distribution, etc. Following [14] one introduces the credibilistic expected utility, the fundamental notion in the formulation and solving of the credibilistic portfolio problem. By particularization, the formulas of credibilistic expected value, credibilistic variance and other credibilistic moments are obtained.
In Section 3 the credibilistic standard portfolio problem is defined, analogous to the standard probabilistic problem [1, 2] and the standard possibilistic problem [15] . The form of the optimization problem is written in case of a small risk, then a general formula of the first order condition associated with the optimization problem is obtained. Section 4 deals with finding an approximate calculation formula of the solution of the optimization problem using a second order Taylor approximation. In the expression of the approximate solution the first three credibilistic moments and the indicators of absolute risk aversion and prudence appear.
In Section 5 one shows how one can compute the approximate solution of the optimization problem such that in its expression appear the first four moments and the indicators of absolute risk aversion, prudence and temperance. The main result of the section is an approximation formula for the optimal allocation, where, besides risk aversion and prudence, there is also the investor's temperance.
Credibilistic Expected Utility
Let R be the set of the real numbers, Ω ⊆ R and P(Ω ) the power set of Ω . The elements of Ω are called states, and the elements of P(Ω ) are called events. A C is the complement of the event A.
By [16] , a credibility measure on Ω is a function Cr : P(Ω ) → [0, 1] satisfying the following axioms: (Cr4) For any family of events (A i ) i∈I with the property sup i∈I Cr(
For any event A, Cr(A) will be called credibility of A. The triple (Ω , P(Ω ), Cr) is called credibility space. Any probability measure on Ω is a credibility measure and any probability space is a credibility space. Credibility theory is in a relationship of parallelism with probability theory, but most of the time the definition of the notions and the proofs of the results are very different (see [16] ). An arbitrary function ξ : Ω → R will be called fuzzy variable. The function μ : R → [0, 1] defined by μ(x) = min(2Cr(ξ = x), 1), for any x ∈ R, is the membership function associated with ξ.
We fix a fuzzy variable ξ :
(2.1)
Let u : R → R be a utility function. The credibilistic expected utility Q(u(ξ)) is defined by
provided that the two integrals are finite. We will assume throughout the paper that the following conditions are satisfied:
Then for each monotone utility function u the credibilistic expected utility Q(u(ξ)) is written as Stieltjes integral
When u is R's identity function, one obtains from (2.2) the notion of credibilistic expected value:
(2.5)
For any integer k ≥ 1 we define the following credibilistic indicators:
x −∞ f (t)dt for any x ∈ R is called the credibility density function of ξ. In case of the existence of such function, (2.4) gets the form
(2.6)
The previous proposition expresses the linearity of the credibilistic expected value operator. This property will be used in the next sections without being mentioned.
Credibilistic Standard Model
One considers an agent who invests a wealth w 0 in a risk-free asset and in a risky asset. The agent invests the amount α in the risky asset (stocks) and w 0 − α in the risk-free asset (bonds). Let r be the return of the risk-free asset and x the return of the risky asset. According to [1] , p. 55-56, the value of the portfolio (w 0 − α, α) will be given by:
We denote by w = w 0 (1 + r) the future wealth of the risk-free strategy. The agent will have a utility function u of class C 2 , increasing and concave. Starting from (3.1), we can formulate various portfolio choice problems depending on the mathematical modeling of the return of the risky asset and the way we define the notion of expected utility.
A probabilistic investment model presented in [1] , Chapter 4 or [2] , Chapter 5 is based on the hypothesis that the return of the risky asset is random variable X 0 . If we are situated in the framework of von Neumann-Morgenstern expected utility theory, then (3.1) leads to the following maximization problem:
( 3.2) Denoting by X = X 0 − r the excess return, (3.2) is written:
Starting from (3.1), we intend to define a credibilistic portfolio problem. We will assume that the return of the risky asset is a fuzzy variable ζ 0 . Using the credibilistic expected utility (2.2), the following maximization problem will be obtained:
(3.4)
Denoting by ζ = ζ 0 − r the (credibilistic) excess return, (3.4) will be written:
5)
The total utility function in (3.5) is V (α) = Q[u(w + αζ)]. We will assume the conditions (2.3) fulfilled, thus,
We will study problem (3.5) in case of a small credibilistic risk, assuming that ζ = kμ + ξ, where μ > 0 and ξ is a fuzzy variable such that Q(ξ) = 0 1 . Then
(3.7)
Under conditions (2.3) we have
Let α(k) be the solution of the problem max α V (α), with V (α) written in form (3.8) . Then the first order condition V (α(k)) = 0 can be written:
(3.10)
Similar with the probabilistic case (see [2] , Section 5.2), we will assume that α(0) = 0. The solution of the equation (3.10) is the optimal value of the amount the agent will have to invest in the risky asset. As the exact solution of (3.10) is difficult to determine, we will look for formulas to approximate it.
We will look for approximations of the solution α(k) by formulas such as:
We consider the Taylor approximation of the derivative u (w + α(kμ + x)).
We multiply both members of (3.12) by kμ + x:
Taking into account (3.13) and the linearity of credibilistic expected utility operator, we will have:
Then the first order condition (3.10) is written:
Using the equation (3.14) we are going to find approximate calculation formulas for the coefficients α (j) , j = 0, 1, · · · , n of (3.11).
For each natural number n ≥ 1, we will obtain from (3.14) an approximation of α(k).
The Effect of Absolute Risk Aversion and Prudence on the Optimal Allocation
In this section we will establish an approximate calculation formula for the solution α(k) of Equation (3.10), that depends on the absolute risk aversion and prudence indicators associated with the utility function u. We recall from that the absolute risk aversion and the prudence of the agent are expressed by the following indicators: [3, 4] ), (4.1) [7] ). (4.2)
We will consider the second order Taylor approximation of α(k) around k = 0:
and we will determine the approximate values of α (0) and α (0) using Equation (3.14) . To see how the prudence index P u (w) appears in the solution α(k) we will have to compute α (0).
Proof We write Equation (3.14) for n = 2:
Deriving twice this equation, setting k = 0 and taking into account that α(0) = 0, Q(ξ) = 0, it will follow:
From this equation we obtain for α (0) the following expression:
Replacing α (0) with the value from Proposition 4.1 one obtains
For n = 3 we will be able to write the formula for the approximate value of α(k): Remark 4. 2 We recall from the previous section that ζ = kμ + ξ and Q(ξ) = 0, thus Q(ζ) = kμ. Also we notice that Q(
With these remarks, the solution α(k) from Theorem 4.1 will get the following form:
According to [20] , Definition 2.17 or [21] , Definition 3, the credibilistic skewness Sk(ζ) of the fuzzy variable ζ is defined by
provided that Q(ζ) < ∞. The definition of credibilistic skewness from [22] is equivalent to the above definition of Sk(ζ) (see [22] , Theorem III.6).
Remark 4.3
In other papers (see [23, 24] ) other definitions are introduced for the skewness of a fuzzy variable ζ. They are not equivalent to the one from (4.5), but they are more suitable in the context of this paper.
Taking into account (4.5), formula (4.4) can be written as
(4.6)
In the expression of α(k) we find the indicators of absolute risk aversion and prudence as well as the credibilistic indicators associated with the fuzzy variable ζ (expected value, variance and skewness).
Example 4. 1 We will assume that the utility function u is HARA-type (see [2] , Section 3.6).
By [2] Section 3.6, the indices of possibilistic risk aversion and prudence associated with this utility function are:
Taking into account (4.9), formula (4.6) is particularized as follows:
(4.10)
Let us consider that ζ = (a, b, c) is a triangular fuzzy variable ( [16] ) with a < b < c. We denote α = max(b − a, c − b) and δ = min(b − a, c − b). By [20] , Theorem 2.2 or [21] , p. 6, in this case we will have the following expressions of the credibilistic indicators from (4.10):
Replacing Q(ζ), V (ζ) and Sk(ζ) in (4.10) we can find the calculation formula of α(k) when u is HARA-type and ζ is a triangular fuzzy variable.
From (4.11)-(4.13) it follows:
Replacing Q(ζ) V (ζ) and Sk(ζ) (V (ζ)) 3 (Q(ζ)) 2 in (4.10) it follows:
The Effect of Temperance on the Optimal Allocation
By [8] , the temperance of an agent is an attitude of moderation in the face of risk. The temperance of an agent with the utility function u is measured by the temperance indicator T u defined by:
To establish the way the temperance appears in the optimal solution α(k) we will set n = 3 in (3.11)
For α (0) and α (0) we found approximate calculation formulas in the previous section. An approximate value of α (0) will be computed using the equation from the following proposition.
Proof We write the first order condition (3.14) for n = 3:
If we denote 4 ], (5.5) then the previous equation becomes
Deriving three times (5.6) with respect to k one obtains
We will set k = 0 in (5.7):
We recall that if f, g are two real functions then (f g) = f g + 3f g + 3f g + f g . (5.9)
Using (5.9) we will compute T 1 (0), T 2 (0) and T 3 (0). The computation of T 1 (0) By (5.9) one has
We notice that
Replacing these values in the expression of T 1 (k) and taking into account that α(0) = 0 one obtains
(5.10)
The computation of T 2 (0) We denote g(k) = α 2 (k). By (5.9), T 2 (k) has the following form:
We notice that g(k) = α 2 (k); g(0) = 0; g (k) = 2α (k)α(k); g (0) = 0;
Setting k = 0 in the above expression of T 2 (k) and considering the previous computations it follows T 2 (0) = g (0)Q(ξ 3 ) + 3g (0)3μQ(ξ 2 ) = 6α (0)α (0)Q(ξ 3 ) + 18μ(α (0)) 2 Q(ξ 2 ).
The computation of T 3 (0)
We denote h(k) = α 3 (k). By (5.9), the following form of T 3 (k) is obtained: Dividing by u (w) and considering that u iv (w) u (w) = Tu(w) Pu(w) it follows the equation from Proposition 5.1. Now we want to express the formula from Proposition 5.1 in terms of the credibilistic moments of the initial fuzzy variable ζ. For this we recall that ζ = kμ + ξ and Q(ξ) = 0, thus Q(ζ) = kμ. From the previous sections we know that Q(ξ 2 ) = V (ζ) and Q(ξ 3 ) = Sk(ζ).
We will mention now two open problems. 1) In [15] mixed portfolio problems have been studied: Besides the investment risk one considers a background risk. Both the investment risk and the background risk can be a random variable or a fuzzy number. It would be interesting the analysis of such models with background risk, in which the two types of risk include the credibilistic risk. Also it would be realistic to consider models in which the background risk is a multidimensional vector, with probabilistic, possibilistic or credibilistic components.
2) Let us denote by α n (k) the approximate solution of the equation (3.14) written as (3.11) . Can a recurrent solution be found for the solution α n (k)?
